Abstract: In this paper we compute the one-loop chiral logarithmic corrections to all O(p 4 ) counterterms in the three site Higgsless model. The calculation is performed using the background field method for both the chiral-and gauge-fields, and using Landau gauge for the quantum fluctuations of the gauge fields. The results agree with our previous calculations of the chiral-logarithmic corrections to the S and T parameters in 't Hooft-Feynman gauge. The work reported here includes a complete evaluation of all one-loop divergences in an SU (2) × U (1) nonlinear sigma model, corresponding to an electroweak effective Lagrangian in the absence of custodial symmetry.
Introduction
Higgsless models [1] achieve electroweak symmetry breaking without introducing a fundamental scalar Higgs boson [2] , and the unitarity of longitudinally-polarized W and Z boson scattering is preserved by the exchange of extra vector bosons [3, 4, 5, 6] . Inspired by TeVscale [7] compactified five-dimensional gauge theories [8, 9, 10, 11] , these models provide effectively unitary descriptions of the electroweak sector beyond the TeV energy scale.
Five-dimensional gauge-theories are not renormalizable, and therefore Higgsless models can only be viewed as effective theories valid below some high-energy cutoff (above which some other physics, a "high-energy" completion, must be present). Since these theories are only low-energy effective theories their properties may be conveniently studied using deconstruction [12, 13] , which is a technique to build a four-dimensional gauge theory, with an appropriate gauge-symmetry breaking pattern, which approximates the properties of a five-dimensional theory. Deconstructed Higgsless models [14, 15, 16, 17, 18, 19, 20] have been used as tools to compute the general properties of Higgsless theories, and to illustrate the phenomological properties of this class of models.
The simplest deconstructed Higgsless model [21] incorporates only three sites on the deconstructed lattice, and the only additional vector states (other than the usual electroweak gauge bosons) are a triplet of ρ ± and ρ 0 mesons (which may be interpreted as the lightest Kaluza-Klein states of a compactified five-dimensional theory). This theory is in the same class as models of extended electroweak gauge symmetries [22, 23] motivated by models of hidden local symmetry [24, 25, 26, 27, 28] in QCD, and the gauge sector is precisely that of the BESS model [22] . While simple, the three site model is sufficiently rich [21] to describe the physics associated with fermion mass generation, as well as the fermion delocalization [29, 30, 31, 32, 33, 34, 35 ] required 1 in order to accord with precision electroweak tests [36, 37, 38, 39, 40] .
Recently, we have computed [41] the one-loop chiral logarithmic corrections to the S and T parameters [36, 37, 38] in the three site Higgsless model, in the limit M W ≪ M ρ ≪ Λ, where Λ is the cutoff of the effective three site Higgsless theory. In ref. [41] , the calculation was performed by directly computing the one-loop corrections to four-fermion scattering processes in 't Hooft-Feynman gauge, including the ghost, unphysical Goldstone-boson, and appropriate "pinch" contributions [42, 43] required to obtain gauge-invariant results for the one-loop self-energy functions.
In this paper, we compute the one-loop corrections to all O(p 4 ) counterterms in the three site Higgsless model, using the renormalization group equation (RGE) technique. The calculation here is performed using the background field method for both the chiral-and gauge-fields, and using Landau gauge for the quantum fluctuations of the gauge fields. Focusing on those corrections which contribute to S and T , we find that our RGE results agree with the chiral-logarithmic corrections to the S and T parameters determined previously [41] in 't Hooft-Feynman gauge, thereby establishing the gauge-invariance of our results directly. 2 Our calculations include also a complete evaluation of all one-loop divergences in an SU (2) × U (1) nonlinear sigma model, corresponding to an electroweak effective Lagrangian in the absence of custodial symmetry.
The hierarchy of scales, M W ≪ M ρ ≪ Λ, implies that the calculation breaks up into two different energy regimes. For renormalization group scales µ such that M ρ < µ < Λ, we consider the running of the effective Lagrangian parameters in the full three site model (illustrated in Figure 1 ). Running in the three site model is discussed in Section 2. At an energy scale of order M ρ , one must "integrate out" the ρ-meson, matching to an effective two site model (the electroweak chiral Lagrangian [45, 46, 47, 48, 49] , illustrated in Figure 2 ). For renormalization group scales µ < M ρ , we consider the running of the parameters in the two site electroweak chiral Lagrangian. Both the matching of the three site to the two site model and the low-energy running in the two site model are discussed in Section 3. In Section 4, we discuss the chiral-logarithmic corrections to the S and T parameters, and discuss the correspondence of the RGE calculation with that presented in Ref. [41] . Section 5 contains a concluding summary of our results.
The appendices include a detailed description of the one-loop calculations leading to the RGE equations. The one-loop renormalization of the operators [45, 46, 47, 48, 49] in the SU (2) × SU (2)/SU (2) chiral Lagrangian was first undertaken in Refs. [50, 51, 52] and later discussed in the context of electroweak physics [53, 54] . We review the the RGE calculation in a gauged SU (2) × SU (2) model using the background field method for the chiral-and gauge-fields, and add a calculation of the renormalization of the operator associated with fermion delocalization effects. Then, in the same language, we report our RGE calculation for a gauged SU (2)×U (1) model. We then show that the results of these separate calculations may be combined to obtain the RGE equations for the three site gauged SU (2)×SU (2)×U (1) model.
The Three Site Model
In this section we consider the renormalization group structure of the three site model shown in Figure 1 , valid for energies below the cutoff Λ but above the mass of the heavy vector meson M ρ .
The three site Lagrangian and counterterms
The lowest order (O(p 2 )) custodially symmetric Lagrangian of this model is given by
where D µ U i and V iµν are defined as
2 Recently, αS and αT have been computed in a three site model with linear sigma-model link fields [44] .
In the limit in which the extra scalars in this model are heavier than the vector-bosons, the leading-log contributions agree with the results of [41] , providing another check of those calcualtioins.
(2.
3)
The first two gauge fields (i = 0, 1) correspond to SU (2) gauge groups,
while the last gauge field (i = 2) corresponds to U (1) group embedded as the T 3 generator of SU (2),
There is one additional O(p 2 ) term violating custodial symmetry, (weak isospin), and to site 2 (weak hypercharge) through, In order to renormalize the one-loop divergences of this model, we need to introduce appropriate counter terms at
Here we have neglected terms violating the custodial symmetry at O(p 4 ) level. Of the terms introduced in (2.6) and (2.10), the α (i)1 and β (2) will be of particular interest, as they contribute, respectively, to the precision electroweak parameters αS and αT .
The three site model approximates (see [21] for details) the standard electroweak theory in the limit
and we therefore define a small parameter x = g 0 /g 1 ≪ 1. For simplicity, we also take
The analysis of the three site model proceeds in an expansion in powers of x, and at tree-level the values of all electroweak observables differ from those in the standard model beginning at O(x 2 ). To leading order, we find that g 0,2 are approximately equal to the standard model SU (2) W and U (1) Y couplings. Defining an angle θ such that s ≡ sin θ, c ≡ cos θ, and s/c = g 2 /g 0 , we find 12) where α is the fine-structure constant and e is the charge of the electron.
The Size of Electroweak and Radiative Corrections
To leading order, we find 13) and [21, 41, 56] that the tree-level values 16) summarize the deviations in the three site model relative to the standard electroweak theory. Observationally, αS, αT ≤ O(10 −3 ) [39] . The mass of M ρ is bounded by O(1 TeV), since ρ-exchange is necessary to maintain the unitarity of longitudinally polarized W -boson scattering -leading (from eqn. (2.15)) to a value of αS which is too large [17, 40] for localized fermions with x 1 = 0. The phenomenologically preferred region therefore has x 1 ≈ x 2 /2,which is the condition for "ideal delocalization" [35, 56] in this model. In what follows, we will assume
As the observed limits on αS are O(10 −3 ), radiative electroweak corrections are potentially important. In the context of the hierarchy M W ≪ M ρ ≪ Λ, the leading chiral logarithmic corrections are found to be of order [41] 
where M H,ref is the reference Higgs mass used in the extraction of the value of αS from electroweak observations. As we shall see, the RGE calculations described here will allow us to reproduce the chiral log corrections found in Ref. [41] , while simultaneously calculating the corrections to the other O(p 4 ) chiral parameters. Given that αT is bounded by O(10 −3 ), we will assume that the theory is approximately custodially symmetric and β (2) = O(α/4π). In our computations, therefore, we will neglect contributions of order αβ (2) /4π.
Inspired by AdS/CFT duality [57, 58, 59, 60] , tree-level computations in this theory are interpreted to represent the leading terms in a large-N expansion [61] of the strongly-coupled dual gauge theory akin to "walking technicolor" [62, 63, 64, 65, 66, 67] . Formally, both the electroweak [10, 41] and the chiral corrections [68, 69] are suppressed by 1/N , and therefore the calculations presented here are consistent with duality. In this language, our discussion of the S and T parameters in the three site model will include (a) the tree-level contributions, which are of order N , (b) the chiral corrections which are order 1 but enhanced by chiral logs, and (c) the effects of the p 4 counterterms, which are simply order 1.
RGE Solutions in the three site model
Performing MS renormalization of the one-loop amplitudes, we find that the chiral parameters (including, in particular, α (i)1 − α (i)5 and β (2) ) depend on the renormalization scale µ. The invariance of the amplitudes for physical processes with respect to changes in the renormalization scale µ gives rise to renormalization group equations (RGEs) for these chiral parameters in the usual manner. A detailed description of the calculation of the renormalization group equations, which is performed using the background field method for both the chiral-and gauge-fields and using Landau gauge for the quantum fluctuations of the gauge field, is given in appendix A of this paper. Here, we simply list the one-loop RGEs which result, for O(p 2 ) parameters,
and 29) for the fermion delocalization operator. Here we have assumed β (2) ≪ 1 and have ignored additional O(β (2) ) terms in these RGEs. Next we solve the renormalization group equations assuming
We find 33) for the O(p 2 ) terms, 36) for the gauge-coupling strengths, and 37) for the delocalization parameter. We may similarly solve for the O(p 4 ) coefficients. Here we list the results only for α (i)1 's explicitly
If we further assume
we find
adopted in the discussion of the three site model in Refs. [21] and [41] . The assumption Eq.(2.40) also makes it possible to neglect the µ dependence of g 2 (µ) in Eq.(2.33). We then find
As demonstrated in the appendix, the three site RGE equations for α (i)1−5 arise solely from Goldstone Boson loops, and are therefore identical with those calculated [70, 28] in hidden local symmetry [24, 25, 26, 27 , 28] models of QCD in the "vector limit" [71] .
Matching to the Two Site Model and Running to Low Energies
In order to run to scales lower than M ρ , we must integrate out the ρ-meson and match the three site model to the two site electroweak chiral lagrangian which describes the physics at scales below M ρ . This matching is most conveniently done in two steps: first we reformulate the effect of fermion delocalization in terms of a redefinition of the chiral parameters in the three site lagrangian, a procedure described in the following subsection, and then we explicitly match the three site model to the two site model, as described in the second subsection. We conclude this section with a description of the running in the two site model for the energy range between µ = M ρ and low energies µ = M H,ref .
Field redefinitions and fermion delocalization
We begin by reformulating the effect of fermion delocalization in terms of a redefinition of the chiral parameters in the three site lagrangian with brane-localized fermion couplings (to leading order in x 1 ). The delocalized fermion coupling in Eq.(2.7) can be written in a localized manner
if we redefine the gauge fields as
Note that W µ transforms under the gauge symmetry in a manner similar to V 0µ . Defining
and obtain
Defining the W field strength W µν as
we find that V 0µν can be expressed in terms of W µ ,
The O(p 2 ) Lagrangian Eq.(2.1) may then be written as
We note that the Lagrangian Eq.(3.9) now contains O(p 4 ) terms. We thus rearrange Eq.(3.9) and Eq.(3.10) asL
(3.17)
Matching with the two site model
Below the KK mass scale, phenomenology of the three site model can be described by a two site model, i.e., the electroweak chiral Lagrangian illustrated in Figure 2 , with the O(p 2 ) Lagrangian
where
There also exists a custodial symmetry violating O(p 2 ) operator 20) and the O(p 4 ) operators
We next perform matching between three site and two site models. We will assume 22) and treat these parameters in a perturbative manner. In the limit g 0 , g 2 ≪ g 1 , the mass-eigenstate ρ field being integrated out is approximately the same as the field V 1µ of the three site model. Using the equations of motion arising from Eq. (3.12), to leading order in the derivative expansion
this field may be expressed as
From this we obtain
Putting these into Eqs. (2.6), (3.11), (3.12) and (3.13), we match the two site model to the three site model, and find matching conditions
31)
33)
34)
, (3.35)
where we match at a scale
Finally, we note that we can make contact with prior results by setting f 1 = f 2 and α (i)j = 0. In this limit, Eqs.(3.32)-(3.36) lead to
38) 39) which are consistent with Table 2 given in [21] .
Solutions of RGE in the two site model
We next consider the renormalization group flow in the two site model, from a scale µ = M ρ to low-energy, µ = M H,ref .
The renormalization group equations of the two site model, the derivation of which is described in A.2, are given by
(3.48)
We solve these equations assuming
We find 3
and 51) and similarly for the other α i .
αS and αT
Using the results of Sections 2 and 3, we may compute the values of αS and αT , which are defined as
We begin with Eqn. (4.1) and use the RGE equations to evaluate αS at successively higher energy scales, and eventually compare it with the results in Ref. [41] . First, we can use Eqn. (3.51) 
Taking f 1 = f 2 , we apply Eqn. (3.32) to match from the two-site to the three-site regime
We employ Eqns. (2.37, 2.38, 2.39) to run x 1 , α (1)1 , and α (2)1 up to scale Λ 5) and then employ Eqn. (2.35) to run g 1 up to scale Λ
In the first line of Eq.(4.6), we have used the expansion
In order to make connection with the results of ref. [41] , we note that at tree-level 8) and, therefore (c.f. Eq. (3.37)), 9) so that the first two terms of Eqn. (4.6) may be rewritten as 10) to this order. Similarly, starting from Eqn. (4.2), we can use the RGE equations from the previous sections to evaluate αT at higher energy scales, and eventually compare it with the results in Ref. [41] . First, we can use Eqn. 
-15 -Taking f 1 = f 2 , we apply Eqn. (3.29) to match from the two-site to the three-site regime 12) and then employ Eqn. (2.44) to run up to scale Λ
We can now see that our leading-log expressions for αS (4.6) and αT (4.13) correspond exactly to those found in [41] . Note that the calculations in [41] are performed in 't HooftFeynman gauge, whereas those reported here are performed in Landau gauge. The correspondence of these calculations is therefore an explicit demonstration of the gauge-invariance of the results. In addition, as noted in [41] , the M H,ref dependence of the results in Eqns. (4.6) and (4.13) matches that of the low-energy effective theory of the standard model with a heavy Higgs boson [45, 46, 47, 48] , and therefore these contributions are model-independent and match the dependence on the reference Higgs-boson mass present in the experimental determinations of αS and αT .
Our expressions for the S and T parameters include (a) the tree-level contributions, which are of order N , (b) the chiral corrections which are order 1 but enhanced by chiral logs, and (c) the effects of the p 4 counterterms, which are simply order 1. While the coefficients of the counterterms are unknown, it is important to note that their magnitude is sub-leading in the large-N expansion. A detailed investigation of the size of the chiral log corrections, and of the corresponding phenomenological bounds on the three site model, is underway [72] .
Summary
In this paper we have computed the one-loop chiral logarithmic corrections to all O(p 4 ) counterterms in the three site Higgsless model. The calculation is performed using the background field method for both the chiral-and gauge-fields, and using Landau gauge for the quantum fluctuations of the gauge fields. For the chiral parameters α (i)1−5 , the contributions to the RGE equations arise solely from Goldstone Boson loops, and are therefore identical with those calculated [70] in hidden local symmetry [24, 25, 26, 27 , 28] models of QCD in the "vector limit" [71] . Our results agree with previous calculations [41] of the chiral-logarithmic corrections to the S and T parameters in 't Hooft-Feynman gauge. 
A. RGE Calculations
In this appendix, we outline the calculation of the renormalization group equations used in this paper. All calculations are performed using dimensional regularization, renormalized using modified minimal subtraction (MS). In order to facilitate the identification of the counterterms required, the calculations are performed using the background field method for both the chiral-and gauge-fields. Landau gauge, in which all unphysical Goldstone bosons and ghost fields are massless, is used for the quantum fluctuations of the gauge fields.
The calculation is carried out in three steps. In the next subsection, A.1, we discuss the RGE calculation in the context of a gauged SU (2)×SU (2) model. In the following subsection, A.2, we discuss the RGE calculation in a gauged SU (2) × U (1) model. Finally, in the last subsection, A.3, we show how these results may be combined to obtain the RGE equations for the three site gauged SU (2) × SU (2) × U (1) model. The results of the last subsection yield the equations necessary for section 2. The divergences of the scalar one-loop integrals which appear are discussed, in general form, in appendix B.
A.1 SU (2) × SU (2) gauged nonlinear sigma model
The one-loop renormalization of the operators [45, 46, 47, 48, 49] in the SU (2)×SU (2)/SU (2) chiral Lagrangian was first undertaken in Refs. [50, 51, 52] and later discussed in the context of electroweak physics [53, 54] . Here we review the the RGE calculation in a gauged SU (2) × SU (2) model using the background field method for the chiral-and gauge-fields, and add a calculation of the renormalization of the operator associated with fermion delocalization effects.
We begin by considering an SU (2) × SU (2) gauged nonlinear sigma model shown in a moose diagram Figure 3 . The lowest order (O(p 2 )) Lagrangian of this model is given by
with U being a chiral field,
The gauge field strengths V 0µν and V 1µν are defined as
with V 0µ and V 1µ being the gauge fields at site-0 and site-1 in the moose diagram,
The covariant derivative D µ U is given by
We calculate one-loop divergences using the background field forf g 0 g 1 malism in order to maintain manifest chiral and gauge invariance. For this purpose we decompose the chiral field U into a background fieldŪ and a fluctuating quantum Nambu-Goldstone Boson (NGB) field u a ,
In a similar manner, we decompose the site-1 gauge field V 1µ into a background fieldV 1µ and a quantum field v 1µ ,
For the site-0 gauge field V 0µ , it is convenient to first make a gauge transformation,
and then decompose it into a background fieldV 0µ and a quantum field v 0µ ,
Expanding the O(p 2 ) Lagrangian Eq.(A.1) in terms of these quantum fields u and v µ , we obtain
HereV 0µν andV 1µν are defined as
We also define the covariant derivatives D µ u, D µ v 0ν , and D µ v 1ν , by
Note that, from Eqn. (A.18), the fluctuating pion fields transform as adjoints of the unbroken diagonal subgroup. However, with respect to either gauged SU (2), the coupling of the pions toV b 0µ orV b 1µ is precisely one-half of the value for an adjoint scalar field. In order to compute radiative corrections, we introduce the background field gauge fixing Lagrangian,
for the quantum fields. We then obtain 24) up to terms proportional to total derivatives. We also need to introduce the Faddeev-Popov Lagrangian associated with the gauge fixing term Eq.(A.21), Here D µ c is defined as
In Eq.(A.25) we do not specify the terms of higher order in the fluctuating pion fields arising from the nonlinear gauge transformation properties of these fields, terms of the form u nc c terms (n ≥ 1). For the one-loop analysis it is enough to consider just thecc terms in this 
As is usual for the background field method, we assume that the background fields satisfy these equations of motion, so that quantum corrections arise only from uu, uv, vv, and cc loops.
A.1.1 Gauge boson loop (vv)
Now we are ready to evaluate the one-loop divergences of the SU (2)×SU (2) gauged nonlinear sigma model. We first consider the gauge boson loop diagrams (vv loop diagrams) arising from Eq. (A.23), as illustrated in Fig. 4 . In Landau gauge 4 (ξ = 0), we find the effective Lagrangian generated from vv diagrams, 20 3
Hereǭ is defined as 1
with d being the dimensionality of space-time. 
A.1.2 Ghost loop (cc)
We next consider effects of ghost loop (cc diagrams). In Landau gauge (ξ = 0) the ghosts remain massless. From the Lagrangian Eq.(A.25), we find the effective Lagrangian arising from the cc diagrams illustrated in Fig. 5 ,
(A.33)
A.1.3 Gauge-NGB mixed loop (uv)
We next evaluate the gauge-boson and Nambu-Goldstone-boson mixed loop diagrams (uv diagrams) arising from Eq.(A.24), illustrated in Fig. 6 . In Landau gauge we find the uvgenerated one-loop effective Lagrangian,
A.1.4 NGB loop (uu)
Finally, we turn to the Nambu-Goldstone-boson loop effects (uu loop) generated from the Lagrangian Eq.(A.22), illustrated in Fig. 7 . In the Landau gauge (ξ = 0), the NambuGoldstone bosons remain massless, and we are thus able to use the result of conventional chiral perturbation theory. See also Appendix B of this note. We find that the uu diagrams lead to the one-loop effective action,
In order to renormalize the one-loop divergences in Eq.(A.35), we need to introduce counter terms at O(p 4 ), we define "renormalized" gauge coupling strengths g 0r and g 1r by,
Renormalization of the decay constant f is given by It is now straightforward to obtain the MS renormalization group equations of these parameters. We find 46) for the renormalized gauge coupling strengths. Here µ stands for the MS renormalization scale. Note that the factor −1/6 in Eqs.(A.45) and (A.46) comes from the Nambu-Goldstone boson loop (uu-diagrams). This factor is a quarter the size of the usual SU (2) adjoint scalar-loop effect in the gauge coupling renormalization group equations (−2/3), with the difference arising from the definition of "covariant" derivative Eq.(A.18) for the u-field. The renormalization group running of the f -constant comes from the uv-loop diagram in Landau gauge, and we find
(A.47)
Finally, we compute the renormalization group equations for the O(p 4 ) interactions
(A.52)
It should also be emphasized that the RGE equations for the O(p 4 ) operators in the gauged non-linear sigma model are, at this order, identical with those in the usual global (non-gauged) sigma model.
A.1.6 Delocalization operator
We next consider the renormalization of the delocalization operator, 
Expanding Eq.(A.53) in terms of u and v µ , we find
The uv loop diagram arising from Eq.(A.24) and Eq.(A.55) then leads (see Fig. 8 ) to the one-loop effective operator, model of the sort shown in Figure 9 . The lowest order (O(p 2 )) Lagrangian of this model is given by
The SU (2) 1 and U (1) 2 gauge fields (at sites 1 and 2 in the moose diagram Figure 9 ) are
Note that the U (1) 2 gauge group is embedded as the T 3 generator of SU (2) 2 in this Lagrangian. The term proportional to β in Eq.(A.59) keeps the U (1) 2 invariance, but it violates SU (2) 2 , and hence "custodial" symmetry as well. The gauge field strengths V 1µν and V 2µν are defined as
We calculate one-loop divergences arising from Eq.(A.59) using methods similar to §A.1. We decompose the chiral field U into a background fieldŪ and fluctuating quantum fields u 1 , u 2 and u z ,
Here we allow for the neutral current f -constant, f z , to differ from f
The site-2 gauge field V µ 2 is decomposed into background and fluctuating fields,
as is the site-1 gauge field V
We introduce the gauge fixing Lagrangian,
Expanding these Lagrangians Eq.(A.59) and Eq.(A.69) in terms of the fluctuating quantum fields u and v µ , we find 72) following counter terms at O(p 4 ),
where divergent coefficients γ i are
The renormalization group equations for the O(p 4 ) parameters is given by
The Eqs.(A.106)-(A.115) agree with the SU (2) × SU (2) chiral perturbation theory results in the β r = 0 limit. We also note that Eqs.(A.111)-(A.114) are proportional to β r for β r ≪ 1, while Eq.(A.115) is proportional to β 2 r . These behaviors are consistent with that expected from custodial symmetry.
The RGE equations in the two site regime, Eqs. (3.40)-(3.48), follow immediately in the small β r limit.
A.3 The Three Site Model
Finally, we discuss the SU (2) × SU (2) × U (1) three site moose model shown in Figure 1 . To lowest order (O(p 2 )) Lagrangian is given by
with U 1 , U 2 being chiral fields (at link-1 and link-2 in the moose diagram Figure 1 ),
The covariant derivatives are given by
where V 0µ , V 1µ and V 2µ are gauge fields at site-0, site-1 and site-2,
Note that V 0µ and V 1µ are SU (2) gauge fields, while V 2µ belong to U (1).
In the previous sections, we have investigated the one-loop logarithmic divergences which appear in SU (2) × SU (2) and in SU (2) × U (1) gauged nonlinear sigma models. In essence, therefore, we have investigated the divergences associated with each of the links in the three site model separately. Naively, one may expect to proceed in the three site model by simply adding the divergences associated with the these two links together. This, in fact, turns out to be the case. For this to be the case, however, we must show that there are no new divergences at one-loop which are intrinsic to the three site model -in particular, that there are no next-to-nearest-neighbor (NNN) operators, for example the O(p 2 ) term 120) which are induced at one-loop from the O(p 2 ) interactions included in the three site model. Consider an NNN term, such as that in Eq.(A.120). By definition, such a term contains both chiral fields at link-1 and at link-2. Note that the three site model separates into two decoupled models in the limit that g 2 1 → 0. Therefore we see that any NNN term would be generated at one-loop proportional to g 2 1 and, therefore, in Landau gauge (in which pions are massless) this means that NNN terms can only be generated by a V 1µ gauge boson loop. From the form of the three site Lagrangian, Eq.(A.116), we see that there are no V 1µ V µ 1 (π 1 ) n nor V 1µ V µ 1 (π 2 ) n interactions (n ≥ 1) in our three site Lagrangian. Therefore a v 1 v 1 -loop diagram cannot produce an NNN term. In addition, we see that the first term in Eq.(A.116) contains u 1 v 1 interactions, while the second term in Eq.(A.116) has u 2 v 1 interactions. In the Landau gauge, however, there is no u 1 -u 2 mixing. Therefore uv 1 -loop diagrams cannot produce an NNN term. The remaining possibilities are uv 0 (and uv 2 ) diagrams, in which the v 0 (or v 2 ) mix with v 1 . The integrand of such a one-loop diagram, however, will be highly suppressed in the ultraviolet and will not produce logarithmic divergences. We thus conclude that NNN terms are not generated through one-loop diagrams. 6 
A.3.1 Renormalization group equations
We may now derive the renormalization group equations in the three site model by combining Finally, we consider the renormalization group property of the delocalization operator, which only depends on the first link, and we find The three site RGE equations used in the body of the paper, Eqs. (2.18)-(2.29), follow immediately in the small β r limit. The three site RGE equations for α (i)1−5 arise solely from NGB loops, and are therefore identical with those calculated [70] in hidden local symmetry [24, 25, 26, 27 , 28] models of QCD in the "vector limit" [71] .
B. Divergences in scalar field one-loop integrals
In this appendix, we consider one-loop integrals of the scalar field u, 
